
1519/23 MATH 2050A Lecture

announcements :

-

-Tutorials will start nextweek .

- HWI on gradlescope today/Monday .

opective some consequencesof completeness (EVERS .t.
2)Discuss axioms ofR as a whole :

consequences of completeness (t)
Rem : Faso , if as,o is sit. 09, thena

= 0 .

If :

Suppose axo . Then take so = as0 . So by (2) ,
o ac a

,

But also
,

estaca ,
some contradict (8)

/
~

.
th : (Archimedian Property ,

A .P.) of N : N is unbounded . I .
ExeR ,An,eN s.. x <Ux .



P : Suppose N is bonded . Then IneRs.
t . i = supN . (by completeness axism) .

(we know 12 N ,
so non-empty) ·

Me
A-1 <n ,

it
, n-1 is notan upper

bandofN , is .
I meN s .e : n-12m . I

adding I on both sides gives
N

↑ < ut1

But by M .1 . if meN ,
then m+1 = N ,

so this icontradicts the fact that
= =

supN.
em

: Let s := St : VEN3 Then ins = 0 ·

1 : Clearly Oc forall noN . So O is a lome bond ofS .

Since IGN
,
50 + = 1 ES . So S4W ·

So by completeness axism, - intS exists .

Since O is a lower bond of S,
we have 0 : W . (since wis gregest lib.) -

For
any
20 . by A .

P
, EUEN s .t < a Is



Therefore , 05Wins .

Since I was cubitrary , w=w.S
Car : Ifx0

,
EuxeN sit. <  X.

P : Snice inf[t : neN3 = 0
,
x>0

,
so x is not a lower band fors : Therefore

Zaye N sot ,
82

x
x

Cor : Ifxx0
,
then EnxeNs .

t : Ux-1ex <nx .

of : S= 3meN : x <my ·<N .

1) By AP. , S%.
2) Well-ording propertyofN,

E MEN S .
e. Mo=maiS(= infS) .

In particular, Mo-ItS .
So mo-12X<Mo

/,



: (Thuh: Wehave filled inthe gaps inc
! ") E UE Rs .t=2

.

P : let Si=(Xe s .
- . x < 23 :

I Clearly 1
= 1 2

,
so leS and StY .

2) Sis bod , from above : if Xo>2 and Does, then xo2>42 . but this contradicts
xotS

.
So YoGS . So Sisbdd, from above.

So by completeness axios u=supS exists: WTS = =

2
.

will show this by proving hi inespaceas are impossible .

First suppose u
2

<2 : -

i jug:
Note: in in

,
for any neN .

(ntt)
(u+ i)=

u + 2 +42 in+2++ = u + (2x+ 1)
We want ito choose i Sit .

i (2n+1) < 2-42 (n2x2 = 2-x2) 8) .



* So I want to be able A Choose an neN s .
t

zut1 -- holds · v

Note: 2-UR >O ., US D . (U upperbdd· for S, IeS, So U% 12 8) -

So 2= u 2-U

zi+
<8 .

So by A .
P . EneN s .t: I -2n88 2nt1 ·

So that means for this particular no

(u+i = u2+ + 42 + + t = n + i (n+1)
/- = 2.<+ (2n+1)
-

So utios
.

Butthis contradicts thefactthat i is an upper laund fors .

So we've show that u I is impossible ·
Now suppose u2>2 .

↓-



Y
A .

DENsto2 wi?, ee
i ur-xu(Xy) = 2./

So if seS ,
then s2<2 < (n-r)"< u ,

so u-i is an upperbendefs .

But this contradicts thefact that his the least upper bound .

So UP >2 is impossible -> U= 2
/

Reall : 22 = 1 . 41421356237 ...

1
,

1 .
4

, 1 .41
,

1
.
414

, ... -) E
↑↳ "erseaals approximates"

rational numbers ·

Expectation
: ExeR ,

E "sequence of queCh s.t . In approximates
I

as n+ "



Density inR

(Density of in R) :

Fx<ye R , AgeR sit , x <q<y .

& : Since y-xz0 , by AiP . EMEN S .t , y -x >>8 :

->

my> ItMx .

Car · above ) EneN s-t . n-1< mx<n .

combining above two inequalities , mx < 4 mx+1 <my
So q : = An satisfies x<

<y :

/,
Meaning

:

Say R = XGR ·

-

for anyneN , E-t= yer them thethi says EquER s .t.I
↓

-  < qn< .

=> "En-E as n- ="
.

0000000000000002
R



it (Density of RIG in ) : Fx ,yeR with x<y ,
AreRID set .

xarzy :

⑰ : Eqeae .t . Ex< q<Ry . (by density ofC inM .

=> x <

y
and we know ERIR since EERIR .

AlternativelyI
x- i <q<y

-k

I=> x<
q

+<y.
U I

Informally, cam thin of R = 3 limit of on 3 .

Discussion of Axious of Be :

D Algebraic Axis : (al) atb = bta

(22) a+ (b+ 2) = (a+b) + c

(a) EOGRs .- : at 8 a



194) FacR
,
7 beRs-t . a+b = 0 :

(m)) ab = ba

(m2) a(bc) = (ab) c

(m3) El eRs .
ti al= a .

(m4) VaER
, a FO, EbeRs -t . ab= 1 :

(d) a(b+c) = abtac .

Any non-empty set F that satisfies axious (al) - (a) is called a field
.

messafinversesentity :

in (1) if a,beR s-t atb = a , then b = 0
.

(2) if abeRs.- . ab =

a , then b = 1

(3) Grin acR, if b,
CER sit atb = atc

,
themb-c.

(4) Given atR , if b ,ceRS-tab= ac
,
then b = c .

B : (1) : Wehave atbia . By (94) I a sit . a tal
= 0

.

S



↓
Then (atb)+ al

E
at al = 0

-(a2) -(a))
By(a1) ,

(a2)
,
(a+b) + a = a+ (b+a)) =

a+ (a + b)

(a2) <= (a+ a) +b = 0+ b = b

So b = 8 -
(a)

(2) : We lave ab=a
. By (m4) ,
I a st . aa'= 1 .

-
(ab)al= (m)) ~(m2) ↓ (m3)

Ls-abaaaay = a(ab) =(aa)b = 1-b =b

5 b= L .

(3) ; (4) : left as exercise .//
2) Ordering Axiom : Set of positive numbers ini .

3) completeness axiom :

superus exists

R : R is a complete ordered field .



⑦ : Are there anyother complete ordered fields ?

answer : N : If K is a complete ordered field,
then EE : R-K sot :

E is a bijection . K- RI
↑that preserves isomorphic .

field axiom and
order :


